Development of MIMO over-the-air (OTA) test methodology is ongoing. Several test methods have been proposed. Anechoic chamber-based multiple-probe technique is one promising candidate for MIMO-OTA testing. The required number of probes for synthesizing the desired fields inside the multiprobe system is an important issue as it has a large impact on the cost of the test system. In this paper, we review the existing investigations on this important topic and end up presenting rules for the required number of probes as a function of the test zone size in wavelengths for certain chosen uncertainty levels of the field synthesis.
Introduction
The multiple-input multiple-output (MIMO) is a key technology for evolving wireless technologies including LTE and LTE-Advanced (or IMT-Advanced) [1] . It involves multiple antennas to enhance the capacity and throughput in multipath propagation environments. The MIMO performance in a multiantenna communication system depends on the antenna placement and design at the terminal and on the channel environment. Furthermore, since the MIMO radio channel is a combination of the antenna characteristics and the radio propagation conditions, the antenna performance metrics, such as gain, radiation efficiency, and the difference of gain between the multiple antennas, do not directly point towards the MIMO performance.
At the moment, development on measurement methodologies and figures of merit for assessing the overall MIMO performance is being conducted by Radio Access Networks working group 4 (RAN4) of 3GPP [2] in Europe and by CTIA [3] in the North America. Over-the-air (OTA) testing, which has been used for single-input single-output (SISO) performance evaluation [4, 5] , is an obvious choice also for MIMO performance evaluation; additionally radiopropagation channel must be taken into account. Several test methods have been proposed [6] [7] [8] [9] [10] [11] [12] [13] [14] . A strong candidate for the MIMO performance metrics is throughput [15] .
The three main candidates MIMO-OTA test methods [6] [7] [8] [9] [10] [11] [12] [13] [14] are (1) anechoic chamber and fading emulator-based multiprobe methods [6] [7] [8] [9] , (2) reverberation chamber based methods [10] [11] [12] [13] , and (3) multistage method, often refers to the "two-stage" method [14] . In the latter one the first stage involves the pattern measurement of the device under test (DUT) over the air, and the second stage involves combining of the DUT patterns with the radio-propagation channel data and performing the MIMO performance test conductively.
It is now noted that geometric reference channel models with well-defined characteristics such as complex amplitudes, directions of arrival (DoA), directions of departure (DoD), the delays, and polarizations of the multipath components constitute a good means to describe the radio-propagation channel. These channel models are well accepted by 3GPP [2], and the use of such well-defined channel models in the MIMO OTA performance evaluation is very well justified for the sake of the repeatability of testing [15] . Several reference models have been proposed by [15] , such as SCME TDL and WINNER II CDL models, as well as simplified single spatial cluster models.
The difficulty with reverberation chamber-based methods is that they are not well suited for synthesizing such channel conditions that would be in line with any geometric radio channel model. The two-stage method on the other hand has the problem with the cable connection to the 2 International Journal of Antennas and Propagation antenna ports it requires, which means that the test is never performed in the realistic usage conditions of the DUT. From these technical points of view the anechoic chamber and fading emulator-based multiprobe methods appear to be the most promising method for MIMO performance evaluation.
One of the key issues addressed in anechoic chamber and fading emulator-based multiprobe systems is the number of required probes. Due to the fact that the cost for such a multiprobe system increases rapidly with the required number of probes, it becomes important to analyze in detail what the required number of probes is. The purpose of this paper is to establish accurate rules for the number of probes required for synthesizing the radio propagation channel inside the multiprobe system as a function of the size of the DUT in wavelengths and the uncertainty level of the field synthesis. These rules concern particularly 2D circular multiprobe systems, and hence they support well the development of test methods relying on 2D channel models like SCME and WINNER II. Here, the synthesis of the electromagnetic fields is conducted using the spherical wave theory which has been widely used in the spherical near-field as well as far-field antenna measurements to model the 3D radiation from antennas [16] .
First, a review on existing studies on the required number of probes is presented in Section 2. The well-known general rules for the number of probes are first presented in Section 3, and the accurate rules are established in Section 4. Conclusions are given in Section 5.
Review of the Existing Investigations on the Number of Probes
2.1. General. Anechoic chamber-and fading emulator-based multiprobe methods involve several probes placed on a circle in 2D case or on a sphere in 3D case, and the DUT is in the center of the circle or sphere [6] [7] [8] [9] 17 ]. An illustration of a 2D MIMO OTA test system based on multiprobe technology is in Figure 1 . The base station emulator creates the test signal which is fed to the fading emulator to create delay dispersion, Doppler spectra, and fast fading behavior. The emulator is connected to the probes inside the anechoic chamber with the prefaded signal. To achieve a high level of accuracy, more probes are needed to emulate the desired power azimuth spectra (PAS) around the test zone (the test zone is the geometrical volume inside which the DUT is located during the measurement) of the DUT.
In [17] [18] [19] [20] [21] [22] studies have been done which directly provide rules for or discuss theoretically how to determine the required number of probes and the test zone size with a given accuracy. Two different ways for determining the required number of probes as well as the test zone size can be identified: (i) through spatial correlation function [18] [19] [20] and (ii) through plane wave synthesis [17, 21, 22] . The analysis is done (a) for the multiple cluster 2D channel model with uniform distributed PAS, where the probes are assumed to be placed equidistantly in 360 • angular region in ϕ (θ = 90 • ) and (b) for the single cluster spatial 2D channel model with the Laplacian distributed PAS when the freedom of placing the probes in an optimum angular sector is considered. In this section we review those concepts reported in [17] [18] [19] [20] [21] [22] and make a comparison between the obtained results.
Spatial Correlation Function.
Spatial correlation characteristics, which influence the MIMO transmission performance, depend on the PAS of the radio channel. These characteristics are often expressed using the Bessel series of the Fourier spectrum of the PAS as coefficients. In [18] [19] [20] investigations have been performed on the required number of probes through spatial correlation function of the PAS for both the multiple-cluster model and the single-cluster model with the criterion that the correlation deviation, as defined in [18] [19] [20] , should be less than 0.1.
Plane Wave Synthesis.
The plane wave synthesis technique reported in [17, 21, 22] is based on the synthesis of the electromagnetic field environment using the spherical wave theory [16] . In [17, 21, 22] the influence of the number of probes on the geometrical size of the test zone and the quietness of the test-zone field in terms of an equivalent reflectivity level has been investigated for the 2D case. Here, the equivalent reflectivity level means the maximum relative error between the synthesized plane-wave field and a target plane-wave field on the circumference of the test zone. Hence, the given reflectivity level values are the worst case values. In [17, 21, 22] , the required number of probes is calculated as a function of different accuracy level and test zone size. It is noted that the number of probes required to synthesize the incoming plane waves with a fixed accuracy is dictated by the radius of the test zone and not affected by the number of incoming plane waves of the channel model.
Comparison between the Obtained Results of Required Number of Probes and Test Zone
Size. The comparisons of the results for the required number of probes as a function of test zone size obtained by different methods given in [17] [18] [19] [20] [21] Test zone radius, λ EB [18] NTT [19 ] Panasonic [20] AALTO [17] Number of OTA antennas, K MIN EB [18] NTT [19] Panasonic [20] in 360 • angular region in ϕ. The results in Figure 3 are for the single cluster model with the Laplacian distributed PAS with the power angular spread of 35 • when the probes are placed in an optimum azimuth region. In [18] [19] [20] the number of probes is determined with the correlation deviation of 0.1. For the plane wave synthesis technique [17, 21] , a −15 dB equivalent reflectivity level is considered here for the comparison which gives the correlation deviation between the target and synthesis fields of 0.1 approximately.
For the multiple-cluster model, the results obtained from [17] [18] [19] show the similar trend with just a small difference, but the results in [20] clearly provide different values compared to the others. For the single-cluster model with the Laplacian distributed PAS with the angular spread of 35 • , the results obtained from [19, 20] show some difference from the other results obtained from [18, 21] Based on the analysis, the same conclusion is drawn in [17] [18] [19] 21] ; that is, for the synthesis of the multiplecluster model, a higher number of probes is needed than for the single-cluster model with the Laplacian distributed PAS when the probes are placed in an optimum azimuth region. From the simulated results presented in [20] , a remarkable difference on the number of probes for synthesizing the Laplacian-distributed PAS is observed. It is stated in [20] that the number required for the Laplacian distributed PAS is higher than that for the uniform distributed PAS. The likely reason is that the weights for the probes are obtained by directly synthesizing the PAS rather than the field.
Although there are some differences in the results between the two techniques, we have chosen to go deeper to the theory with the plane wave synthesis technique in the next section of this paper. The reason for this is that the plane wave synthesis technique provides a straightforward way for the theoretical justification of the number of probes through the plane wave to spherical wave expansion (SWE) and the wellknown cut-off properties of the spherical wave functions. In the following section we will present the plane wave synthesis technique in more detail in a similar fashion as presented in [17, 21, 22] .
General Rules for the Required Number of Probes
3.1. Introduction. The electromagnetic fields in the test zone, which are synthesized by the probes located either on a 2D circle around the DUT or on a 3D spherical surface, may be considered for composing plane wave fields arriving from different spatial directions at the centre of the test zone. Any radio channel conditions may as well be considered as a sum of plane waves by additionally taking into account, for example, the delay spread and Doppler effects, by using proper RF electronics. The purpose of this section is to briefly review the spherical wave theory in the context of plane wave fields and to present the well-known general rules for the number of required probes for the plane wave synthesis. These general rules provide the basis for establishing the accurate rules for the number of required probes later in Section 4.
Spherical Wave Expansion of the Plane Wave Field.
The electric field E 0 e ik0·r of a time-harmonic plane wave coming from a direction (θ 0 , ϕ 0 ) in free space can be represented by an infinite sum of SWE modes as [16] 
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Here E 0 describes the amplitude and complex polarization of the wave, k 0 = −k sin θ 0 cos ϕ 0 u x − k sin θ 0 sin u y − k cos θ 0 u z is the propagation vector, k is the wave number, η is the wave admittance of the medium, s, m, and n are the spherical mode indices, Q (1) smn are the spherical vector wave coefficients for spherical standing waves, and F (1) smn (r, θ, ϕ) represent the corresponding power normalized spherical vector wave functions in standard spherical coordinates (r, θ, ϕ) [16] .
Cut-Off Property and General Rules for Minimum Number of Probes.
It is known that the spherical vector wave functions F (1) smn (r, θ, ϕ) are separated into radial, elevation, and azimuth functions, where the radial functions are the spherical Bessel functions and their derivative functions, the elevation functions are the associated Legendre functions, and the azimuth functions are the exponential functions [16] . Importantly, due to the cut-off property of the sphericalwave functions, in particular that of the spherical Bessel function and its derivative function, the expansion in (1) can be truncated appropriately at a finite n = N. Hence the expansion of the plane wave field with the truncated series of spherical wave functions becomes
where the truncation number N is
In (3) r 0 is the radius of the spherical test zone, n 1 is a small integer number, and the square brackets indicate the nearest integer number greater than or equal to the number inside the brackets. Typically, n 1 varies from n 1 = 0 to 10 [16] depending on the desired accuracy of the field characterization (or synthesis). The triple summation over n = 1 · · · N, m = −n · · · n and s = 1, 2 in (2) has in total J = 2N(N + 2) terms. Hence, with (3) the number of spherical wave modes J can be written as
Now, in theory, for synthesizing all J modes, the minimum number of probes, K MIN , is equal to the number of modes J. Hence, the general rules for required number of probes becomes K MIN = 2([kr 0 + n 1 ]) 2 + 4([kr 0 + n 1 ]).
The noticeable issue in (5) is that the number of the probes K MIN is proportional to the square of the test zone radius r 0 for r 0 1/k and the value of n 1 . It is noted that the general rules for the required number of probes presented in (5) are for the 3D case, where the probes are distributed over a sphere and both the elevation and azimuthal distribution of the incoming waves are considered. However, in the case of such 2D channels like SCM or SCME, where the test zone fields are coming from the direction of θ 0 = 90 0 , we need to consider only the azimuthal distribution of the incoming field. Hence, we need to consider only the azimuthal dependency of the spherical wave function in (2), and the expansion can be presented by
where E θ and E ϕ are the vertical and horizontal polarizations of the test zone field. The C θ m and C ϕ m are the azimuthal mode coefficients of the test zone field derivable from (2). In this way, instead of having a triple summation as in (2), we have, for the two polarizations, a single summation over all m azimuthal modes with 2N + 1 terms. Hence, by including the two polarizations, the number of required modes J 1 for the field characterization becomes
which directly indicates the minimum number of probes, K MIN for 2D case. Hence, the general rules for required number of probes in 2D case becomes
Here the superscript 2D refers to the 2D case. Now K 2D MIN is proportional to the test zone radius r 0 for r 0 1/k and the value of n 1 .
Accurate Rules for the Number of Required Probes in the 2D Case
In (5) and (8) of Section 3, we presented the well-known general rules for the minimum number of probes as a function of the radius of the test zone in wavelengths through the spherical wave theory. The equations contain the unknown number n 1 related to the accuracy of the field synthesis. Although for practical applications the range in which n 1 can vary is relatively small, from approximately 0 to 10 [16, 23] , the choice of n 1 significantly affects the K MIN . The purpose of this section is to find accurate values for n 1 for certain selected uncertainty levels of the field synthesis for, in particular 2D case. This we do by reviewing the work done in [17] and by making use of the findings in [24] .
In [17] the influence of the number of probes on the test zone size and the quietness of the test zone field in terms of the equivalent reflectivity level have been analyzed for the 2D multiple cluster case. In that study the equivalent reflectivity level refers to the maximum relative error (ε) between the synthesized (E syn ) and the target (E tar ) plane wave fields as Test zone radius, λ
Reflectivity level, Figure 4 : The equivalent reflectivity level as a function of the test zone radius for different number of probes for a single-polarized probes in 2D case.
The synthesis was performed by a simple 2-norm matching of the fields of the probes with the incoming plane wave fields arriving to the test zone. The z-polarized (vertically polarized) electrical Hertzian dipoles were considered as probes, and they were placed in the horizontal plane (θ = 90 • ) on the entire 360 • angular region with constant ϕ intervals and the synthesis of the z-polarized plane wave field arriving from (θ = 90 • ) was investigated. For the considered single-polarized case, the required number of probes is K 2D MIN = 2[kr 0 + n 1 ] + 1 instead of the form of (8) for the dual-polarized case. A summary of the results of this investigation is presented in Figure 4 .
The results presented in Figure 4 clearly show that the number of probes, K 2D MIN , increases as a function of the test zone radius for any selected equivalent reflectivity level. Now, our goal is to find the values for n 1 in (8) so that this equation would be in line with the results shown in Figure 4 , of course by taking into account the fact that (8) is for the dual-polarized case and the results in Figure 4 for the singlepolarized case. We make use of the same assumptions for calculating the values for n 1 as presented in [24] , where it has been proposed that n 1 would depend on kr 0 as
As a result of this, appropriate values for n 1 are found, and they are tabulated in Table 1 for the different uncertainty levels of the field synthesis. The values of n 1 in Table 1 constitute the important contribution of this paper. Applying these values of n 1 in (8) directly provides the minimum number of required probes (dual-polarized) as a function of the radius of the test zone in wavelengths (k = 2π/λ) for the chosen uncertainty level of the field synthesis for the 2D case.
It is important to note that the values of n 1 in Table 1 have been established with the values of kr 0 in the range from approximately 0.2 to 6.1 from the basis of the results reported in [17] . It has been intentionally chosen that the square bracket round the number inside the bracket to the nearest integer larger than the number, because in that case, for small values of kr 0 , (8) together with the values of n 1 indicates that the required number of probes would be 6 for the dual-polarized case and 3 for the single-polarized case. This is as it should be, because even if the DUT is electrically very small, it may still radiate the 3 azimuthal dipole modes [16] in single polarization. Having said this, it can be claimed that the values of n 1 may be considered to be well applicable also for values of kr 0 less than 0.2. It is further noted that, by comparison of the result of this paper with those presented in [25] , we may conclude the values of n 1 are practically applicable for large values of kr 0 , too. Although the application in [25] is the modeling of the radiation of DUTs and the application of this paper is the field synthesis, both rely on the spherical wave theory and the cut-off property of the spherical vector wave functions, and hence, these two things may be considered comparable.
Here we have derived the accurate rules for the required number of probes for the 2D case only. Similar accurate rules could as well be derived for the 3D case, and instead of using (8), (5) would provide the required number of probes for that case. The values that we have provided for n 1 in Table 1 are for the 2D case. However, it is evident from [25] that the values of n 1 for the 2D case serve as a good approximation of those for the 3D case.
Conclusions
Anechoic chamber-and fading emulator-based multiprobe method is a very promising method for MIMO performance testing. A crucial aspect largely dictating the cost of the test system, the required number of probes for synthesizing the desired fields inside the multiprobe system, has been examined in this paper. First, through the review of the wellknown spherical wave theory, the general rules for the number of probes required for synthesizing the radio propagation channel inside the multiprobe system as a function of the size of the DUT in wavelengths have been presented for both 2D and 3D cases. Based on the results presented in existing literature, accurate rules for the minimum number of required probes for the 2D case have been established that take into account also the uncertainty level of the field synthesis.
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